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Surrogate model Surrogate model –– IntroductionIntroduction

Build an approximation model ( surrogate model / metamodel ) that:

Context

Objective

Computationally demanding simulations ( one single simulation takes mins, hours )
Many design parameters
Applications: design optimization, design space approximation,

sensitivity analysis, reliability analysis, …

mimics the behavior of the simulation model with an acceptable accuracy
( w.r.t. the objective / value of interest of the study )
is cheaper to evaluate ( ideally numerical cost close to zero )  
requires as few calls to the numerical models as possible, based on a limited 
number of data points intelligently selected in the design space
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Applications of surrogate modelsApplications of surrogate models

Optimization /
Design space exploration

Design space approximation

( Global ) Sensitivity analysis
( variance-based method )
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Challenges of surrogate modelsChallenges of surrogate models

Main objective
Model as accurate as possible, using as few simulation evaluations as possible

Main objective
Selection of sample points in design space ( number of points, sampling strategy )

Construction of the surrogate model ( choice of a model, eg. polynomial, ANN, 
MLS, Kriging,  SVM  , … , and optimization of its parameters )

Appraisal of the accuracy of the surrogate model ( bias/variance trade-off ), 
convergence of the whole construction process

“Passive” learning / Active learning
( selection of an initial and supposed optimal set of points / adding sequentially 
new points based on evaluation of previous ones )
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Response Surface MethodResponse Surface Method

( Polynomial ) Response Surface Method ( RSM )
Most widely used form of surrogate model in engineering design
see e.g. [Veneziano et al. 1983, Faravelli 1989, Box & Draper 1987]
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We consider here:

1,2,... j N=( )sgnj jy g⎡ ⎤= ⎣ ⎦x for

SVM classification SVM classification –– Linear caseLinear case

( ) ( ) { }1 1, , , , 1N Ny y D∈ × ±x x…

Binary classification in reliability
analysis: failure / safety domain

Objective: find an hyperplane which is the optimal data classifier
( linearly separable classes )

( ) 0ĝ , b ϖ= + =x x

{ }1 ,1jy ∈ − called labels

The optimal classifier is obtained
by maximizing the margin

ϖ : normal vector to the hyperplane

training data pairsN
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SVM classification SVM classification –– Corresponding optimization problemCorresponding optimization problem

After a few mathematical manipulations, the problem of maximizing the margin
is transformed to another one which consists in minimizing the norm of   , the 
optimization problem is written in the form:
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Support VectorsSupport Vectors

The non null      correspond to points on the margin,
they are called the Support Vectors

jα

The separator can be defined only
starting from these points:

SV

1

N

j j j
j

yϖ α
=

= ∑ x

where        is the number of support vectorsSVN

Only points added in the margin are useful
to improve the accuracy of the separator

Main properties of SVM
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The The ““Kernel trickKernel trick”” for nonlinear classifiersfor nonlinear classifiers

For non linear cases, a space transformation is applied

A non linear projector     transforms
the initial space into a space of larger size,
possibly infinite dimensional,  called
the feature space

Φ

The non linear classification problem in the standard space becomes
a linear problem after projection

Known as the “kernel trick”
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Gaussian kernel and Gaussian kernel and hyperparameterhyperparameter σ

small σ

large σ
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SVM regression (SVR) SVM regression (SVR) –– Linear caseLinear case

ε+ε−

ε−

ε+
ξ

ξ
training data pairs

( ) ( )1 1, , , ,N Ny y D∈ ×x x… \

We consider here:

Objective: find a function          that has at most     deviation from the actually 
obtained targets     for all the training data and, at the same time, is as flat as possible

( )f̂ , b ϖ= +x x

N

( )j jy f= x 1,2,... j N=for

( )f x ε
jy

( we suppose here the case of linear    functions )f

Vapnik's ε-insensitive loss function
( ) ( )( )ˆ ˆmax 0 ;y f y f

ε
ε− = − −x x

ε-tube concept [Vapnik 1995]
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SVM regression (SVR) SVM regression (SVR) –– Corresponding optimization problemCorresponding optimization problem

Optimization problem to be solved:
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SVM regression (SVR) SVM regression (SVR) –– Support Vectors and Kernel TrickSupport Vectors and Kernel Trick

Support vectors ( from Lagrangian dual formulation )

Kernel trick for nonlinear functions
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Data divided into    folds ( subsets of roughly equal sizes )

How to prevent How to prevent overfittingoverfitting: The Cross: The Cross--ValidationValidation

Current pitfall
Minimize the Empirical Error to improve a model
( Empirical error = Error made on the data used to train the algorithm )

Too little data / too precise model Overfitting, bad generalization performance

Solution : Cross-validation

For each fold    , we use the whole data set except it for training the model
k

k

Fold    used as test set Error on this foldk

Mean error on each fold taken as a low biased estimator,
e.g. for model or parameter selection



1515Probabilistic Approaches in Engineering Mechanics, Aubière, 4 June 2009

Choice of the kernel ( strong assumption ) and optimal hyperparameters

Advantages and limitations of Advantages and limitations of SVMsSVMs

Advantages

Limitations

Speed and size, both for training and testing ( for millions of points,
issue irrelevant here ) 

SVMs based on Structural Risk Minimization ( SRM ) principle:
Minimizes an upper bound on the generalization error as opposed to ERM, 
which minimizes the error on the training data

Good generalization performance
Global solution of the optimization problem via SQP algorithm
Further information comes from the margin ( new points to be added there )
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Sensitivity analysis / Reliability analysisSensitivity analysis / Reliability analysis

Reliability analysis
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( Global ) sensitivity analysis ( variance-based sensitivities )
Model: 
Goal: How the variation (uncertainty) in the output of a model     can be 
apportioned to different sources of variation in the input      of a model
( in order to rank the weights of input variables ) 

Y
X

…

( )g xLimit-State Function (LSF): By convention,                stands for failure
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and, if possible, sensitivities of      w.r.t. input random variables and 
their distribution parameters ( local sensitivities )  

fp

( ) 0g ≤x
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Sensitivity analysis Sensitivity analysis –– SobolSobol’’ indicesindices

Notations

Vector of independent random variables

( )Y f→ =X X
: df →\ \

T

1 2
n

nX X X= ∈X … \

Model output

Decrease of   variance for a random variable    fixed to  
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Y iX ix
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First order Sobol’ sensitivity indices
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1818Probabilistic Approaches in Engineering Mechanics, Aubière, 4 June 2009

High-Dimensional Model Representation ( HDMR ) of

Second order Sobol’ sensitivity indices ( and of superior orders )
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Expectation and variance of 

MC estimates of MC estimates of SobolSobol’’ indicesindices
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SVMs for reliability analysisSVMsSVMs for reliability analysisfor reliability analysis
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SVM surrogate model as approximation of the limitSVM surrogate model as approximation of the limit--statestate

New data points
=

Cluster centers of
“work population” points 

lying in the margin

Initial SVM classifier
learnt from

an initial set of data points

Updated SVM classifier
learnt from 

the initial set of data points 
+

the extra cluster points

Active learning scheme
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Subset simulation for small failure probabilitiesSubset simulation for small failure probabilities
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[Au & Beck 2001]

Clip vidéo

Key idea
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22SMART algorithmSMART algorithm

Assess small failure probabilities,
at an affordable computational cost 
compared to subset simulation and 
based on SVM surrogate models

2SMART : Subset simulation by
Support vector Margin Algorithm

for Reliability esTimation

Objective

2424Probabilistic Approaches in Engineering Mechanics, Aubière, 4 June 2009

Main concepts of theMain concepts of the 22SMART algorithmSMART algorithm

Active learning scheme
For each subset-like step, training from an initial set of data points plus a few new 
data points added iteratively Improvement of the accuracy of the SVM classifier

Coarse to fine adjustment strategy: 3 stages
1) Localization (     points )   2) Stabilization (     points ) 3) Accuracy (     points )     2N 3N

Two kinds of data points
Data points for training the SVM classifier ( “work population” )
Data points for assessing probabilities on the SVM classifier ( “work/MC 
population” for first subset-like step, “work/ rj-mM population” for next steps )

Adding new data points at each iteration 
Cluster centers of the “work population” points in the margin
Cluster centers of “work population” points which belong to one class at a given 
iteration according to a current classifier and to another at the next iteration
“work population” points the closest from the SVM classifier

1N
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Building the SVM classifierBuilding the SVM classifier

Localization Stabilization Convergence
1N 2N 3N

Step = 0

Step > 0

Final – All steps

1 2 3N N N< <(      points ) (      points ) (      points )
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( ) ( )1 2 1 2 3 4, min , , ,g x x g g g g=

Limit-state function

Random variables ( 2 )
( )1 0,1X N∼ ( )2 0,1X N∼

( ) ( )2

1 1 2 1 23 0.1 2g x x x x= + − − +

Probability of failure ( reference )
32.223 10fp −= ×

where:
( ) ( )2

2 1 2 1 23 0.1 2g x x x x= + − + +

3 1 2 7 2g x x= − +

4 2 1 7 2g x x= − +

( DirSim, 100 dir )
32.226 10fp −= × ( SS, 3×105 sim/step, 500 runs )

-5 0 5

-5

0

5

x1

x2

U-space

Example 1: Series systemExample 1: Series system
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Clip vidéo Clip vidéo Clip vidéo

-5 0 5

-5

0

5

x1

x2

U-space

Random variables ( 2 )
( )1 0,1X N∼ ( )2 0,1X N∼

( ) ( )1 2 1 2 3 4, min , , ,g x x g g g g=

Limit-state function

Example 1: Series systemExample 1: Series system

pf 2.226·10–3 

SS 
( 500 runs ) 

1.7% 
200000 / step 

42% 
345 / step 

2SMART 
( 50 runs ) 

1.7% 
345 / step 

0.99 
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Limit-state function

Random variables ( 8 )

Random variable 
pm  sm  pk  sk  pζ  sζ  SF  0S  

Mean 1.5 0.01 1 0.01 0.05 0.02 [ 11.5 ; 24.5 ] 100 

C.o.v. 0.1 0.1 0.2 0.2 0.4 0.5 0.1 0.1 
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p

p
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m
ω = s

s
s

k

m
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2a p sω ω ω= + ( )1

2a p sζ ζ ζ= +

s
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m
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p s
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θ ω ω
ω

= −

Example 2: Single DSPT, Highly curved LSFExample 2: Single DSPT, Highly curved LSF
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211.5 3.71 10s fF p −= − = × 315.0 4.78 10s fF p −= − = × 418.5 4.23 10s fF p −= − = ×

521.5 4.42 10s fF p −= − = × 624.5 4.18 10s fF p −= − = × 727.5 3.78 10s fF p −= − = ×

573 / step
c.o.v. 3.4%=

573 / step
c.o.v. 9.6%=

573 / step
c.o.v. 5.6%=

573 / step
c.o.v. 6.8%=

573 / step
c.o.v. 2.1%=
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0.97f
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Example 2: Single DSPT, Highly curved LSFExample 2: Single DSPT, Highly curved LSF
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Example 3: HighExample 3: High--dimensional LSFdimensional LSF

( ) ( )1
1

, ,
n

n i
i

g x x n a n xμ σ
=

= + −∑…

-5 0 5
-5

0

5

x1

x2

U-space

Limit-state function

Random variables ( 40 / 100 / 250 )

where: 3a =

2n =

( )1 , 0.2iX LN μ σ= =∼ 1... i n=for

CLT : ( ) 31.35 10f
n

p a −

→∞
Φ − = ×→

n 40 100 250 

pf 1.98 × 10–3 1.73 × 10–3 1.59 × 10–3 

SS 
( 20 runs ) 

22% 
1243 / step 

17% 
2012 / step 

11% 
3569 / step 

2SMART 
( 20 runs ) 

2.8% 
1243 / step 

0.99 

2.2 % 
2012 / step 

1.01 

2.6 % 
3569 / step 

1.01 
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SVR for sensitivity analysisSVR for sensitivity analysisSVR for sensitivity analysis
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Constructing the SVRConstructing the SVR--surrogatesurrogate

Sobol’ indices
evaluated from
the SVR model

First order Sobol’ indices

Sobol’ indices of order > 1

Sobol’ total indices

random variables

samples (QMC)
SVR-surrogate for f

Computational cost:  

Uniform distribution
in an hypersphere

“Multivariate normal”
distribution

2. Selection of SVR hyperparameters

3. Criterion for selection

1. Data points for learning model
- sampling points ( )( )

min( ) ( )

max min

,
j

j j
f f

y
f f

⎛ ⎞−
=⎜ ⎟⎜ ⎟−⎝ ⎠

u
u

n

10000N =

SVRN

1000000C =
( ),ε σ

[ ]1; 2 ; 5 ; 7 ; 8 ;10 ;15 ; 20 ; 50 ;100σ =
( ) [ ]log / 2 11: 1: 1ε = − − −

- Deterministic sampling, in standard space

-
- Grid search strategy for :

SVRN

30×

Minimize empirical error + Cross validation
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11stst sampling strategy: Multivariate sampling strategy: Multivariate ““GaussianGaussian”” distributiondistribution

2u

1u

Sobol’ sequence

Mapping

SVR 1000N =

Methodology
Sample points in the           hypercube based on Sobol’ low-discrepency sequence
Mapping of the uniformly distributed points to the standard Gaussian space

[ ]0,1
n

Standard space
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22ndnd sampling strategy: Uniform distribution in sampling strategy: Uniform distribution in hyperspherehypersphere

Uniform
random
samples

CVT centers

Methodology
Select the radius of an hypersphere for learning ( maximum radius of
normally distributed samples )
Uniform sampling in this hypersphere using Centroidal Voronoi Tessellation
Iterative process, see e.g. [Hanson 2005]

SVR 100N =

2u

1u

10000N =
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Model with second order interactionsModel with second order interactions

(
)

2 2 2
1 2 3

1 2 1 3 2 3

1 2 3

( ) 0.5

2 2 2

3
3

f x x x

x x x x x x

x x x

= − + +

− − −

+ +
− +

x …

…

1 (0,1)∼X N 2 (0,1)∼X N 3 (0,1)∼X N

Uniform sampling in hypersphereMultivariate “Gaussian” sampling

MC (ref): N = 10000 ( x 30 )

SVR: NSVR = 200, Uniform in hypersphere

NSVR = 200, σ = 50, ε = 4.88 10-4, C = 1000000

Cost ( number of calls to   )
Crude MC ( x 30 ):

SVR:

( )32 1 10000 30+ × × All order indices

( )3 2 10000 30+ × × Total indices only

200 All indices ( all orders and total )

f
SVR: NSVR = 200, Multivariate “Gaussian”
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Structure of interest

Cracked pipe Cracked pipe –– Problem definitionProblem definition

Circumferential crack

0σ σ+t

(MPa)σ

P

0σ σ+t

0σ σ+t0σ σ+t

L

ε

σσ σε α
σ
⎛ ⎞

= + ⎜ ⎟⎜ ⎟
⎝ ⎠

n

y

yE E

Nonlinear material behavior
( Ramberg-Osgood )

( )

2

0 2 2
σ =

+ −
i

i i

R
P

R t R

Crack length:

Pipe length:

Internal pressure:

Internal radius:

Thickness of pipe:

Tensile stress applied:

Tensile stress from “end” effects:

62.5 mmt =

15 mma =

135 MPatσ =

15.5 MPaP =

393.5 mmiR =

1000 mmL =

FE code ( Code_Aster )
http://www.code-aster.org
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Cracked pipe Cracked pipe –– Model & Input random variablesModel & Input random variables

0.038259.5 MPaLognormalσyYield strength

0.033.5NormalnConstant (hardening 
behavior)

0.131.15NormalαConstant

0.05175500 MPaLognormalEYoung’s modulus

Coefficient of 
Variation

MeanDistributionNotationRandom variable

Model ( )( ) , , ,yf J E nσ α=x Rice integral d d
u

J W y T s
xΓ

∂⎛ ⎞= −⎜ ⎟∂⎝ ⎠∫
Computational cost ( one single run ): ≈8 min on IFMA 54-cpu cluster

Input ( independent ) random variables
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Cracked pipe Cracked pipe -- ResultsResults

0.215STσy

≈0STn

0.420STα

0.314STE

N = 5000, Cost = (n+2) x N = 30000

0.010.210STσy0.0060.244Sσy

0.012≈0STn0.0010.018Sn

0.010.402STα0.0060.437Sα

0.0090.331STE0.0060.364SE

StdvMeanStdvMean

Uniform distribution in hypersphere of radius R
NSVR = 200, R = 5.3, σ = 50, ε = 0.0039, C = 1000000

N = 10000 (x 30), Cost: NSVR = 500

0.0080.220STσy0.0050.254Sσy

0.009≈0STn0.00030.016Sn

0.0090.394STα0.0070.428Sα

0.0070.333STE0.0060.366SE

StdvMeanStdvMean

Multivariate “Gaussian” distribution
NSVR = 200, R = 5.3, σ = 50, ε = 0.0039, C = 1000000

N = 10000 (x 30), Cost: NSVR = 500

EST αST σ ySTnST

Reference Sobol’ indices (CMC) Sobol’ indices (SVR)
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Open questionsOpen questionsOpen questions
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Important and open questionsImportant and open questions

Optimal choice for a kernel function. An a priori choice ? Is it possible to find 
an optimal kernel function based on the information gained from a very few initial 
data points?
Tuning of kernel (hyper)parameters (e.g. using cross-validation). Other options?

Bias/error on the quantity(ies) of interest between the surrogate and the 
true models ( quantity(ies) of interest: sensitivities, failure probability, optimum 
found in optimization problems, … ). How to estimate the accuracy of the solution? 
Curse of dimensionality. How the selected metamodeling strategies behave with 
the number of input variables?

Need for meaningful benchmarks. It would be interesting to compare recent and 
promising metamodeling methods on a wide class of problems with typical issues
( nonlinear / high-dimensional / multi-modal functions, optimization / sensitivity / 
reliability applications, … )  
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An open problem An open problem ……

Stochastic dynamics [Worden & al. 2005]

Only one single d.o.f. harmonically forced Duffing oscillator!!!

A Fractal aspect
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LaLaboratoire de boratoire de MMéécanique et canique et IIngngéénieriesnieries
EA 3867 EA 3867 -- FR TIMS / CNRS 2856FR TIMS / CNRS 2856

ER MPSER MPS

Thanks for your attention
Any questions?

JeanJean--MMarcarc BourinetBourinet
LaMI / IFMA LaMI / IFMA -- ClermontClermont--Ferrand, FranceFerrand, France

Metamodels
in structural reliability
and sensitivity analysis

MetamodelsMetamodels
in structural reliabilityin structural reliability
and sensitivity analysisand sensitivity analysis


